Let Ë be a set with Ò Û · points in general position in the plane, Û of them white, and of them black, where Û and are even numbers. We show that there exists a matching of points of the same color with straight line segments and no crossings which matches at least ¿ ¿¿± of the points. We also derive an Ç´Ò ÐÓ Òµ algorithm which achieves this guarantee. On the other hand, there exist configurations of points such that any matching with the above properties matches at most ¿ ± of the points. We also derive similar bounds on the number of matched points when the points are colored by a fixed number of colors.
Introduction
We call a set Ë ,´ Ë ¿µ of points in the plane independent or in general position, if no three are on a line. Ron Aharoni and Michael Saks [8] considered the following problem: We are given a set Ë with Ò Û · points in general position in the plane, Û of them white, and of them black, where Û and are even numbers. The goal is to find a matching ´Ëµ that only matches points of the same color, that has no crossings between the segments that join matched points, and which leaves the fewest number of points of Ë unmatched. They asked if it is always possible to construct a matching leaving at most 2 points of the set unmatched.
Let ´Ëµ be a largest non-crossing matching and ´Ëµ ´Ëµ , the number of points of Ë matched by ´Ëµ. Clearly if Ë is monochromatic, all points can be matched, and the simple 4 point example in Figure 1 shows a case where ´Ëµ must leave ¾ points unmatched. Let ´Òµ min ´Ëµ Ë Ê ¾ independent Ë Ò . We also define ´Òµ in the same way as ´Òµ, but with no restriction on the parity of Ò Û . As mentioned before, a first reasonable guess based on small configurations of points was that ´Òµ Ò ¾ holds, but an examination of an 18-point example found by Eli Berger and communicated to us by Michael Saks ( Figure 2 ) shows that at least 4 points remain unmatched in any matching of this configuration without crossings. Here in this example and in all subsequent constructions, all possible collinearities allowed by the description of the point set are avoided by small random perturbations of the points. We will show that this example is tight, namely ´½ µ ½ . A variation of the above construction, the 20-point configuration in Figure 2 has the same property of at least 4 unmatched points. We also prove that this is another tight example, namely ´¾¼µ ½ . For simplicity, throughout this article, to avoid integer part notation, we assume divisibility of Ò with a fixed integer when needed. Our main result is
In Section 2, we show that ´Òµ Ò, a lower bound derived from a simple algorithm. In Section 3
we give a probabilistic construction showing the existence of a point set where any non-crossing matching must leave at least Ò ½ points unmatched. Proof. Out of 3 points there are 2 points of the same color which can be matched and the third point can be discarded. This gives ´¿µ ¾, and the opposite inequality follows immediately since ¿ is an odd number.
For a set of points: If at least 4 points are of the same color, we match them into 2 pairs, otherwise assume 2 points are white and the other 3 black; we match the 2 white points and the 2 black points out of 3 which happen to be on the same side of the line determined by the 2 white points. This gives ´ µ , and the opposite inequality follows immediately since is an odd number.
¾
By sweeping a vertical line from left to right and dividing the points into groups of , the two proposition above give a simple algorithm which matches Ò of the points. Since the time to process a group of points is Ç´½µ, the above algorithm runs in Ç´Ò ÐÓ Òµ, time taken to sort the points according to their Ü coordinate. The next two lemmas enable us to obtain a better lower bound and corresponding algorithm with a better guarantee.
Lemma 2.4 ´ µ and if Ë , ´Ëµ unless the set Ë has a special structure (seen in Figure 1 Figure 1 shows the opposite direction. Let Ë be a 7-point set and suppose that ´Ëµ . Denote by À´Ëµ the convex hull of Ë and by À´Ëµ the number of points on this hull. The points on À´Ëµ must have alternating colors (else, Figure 3 . Subcase 2a. The four white points form a convex quadrilateral, É ¾ . If is not contained in É, we match the four white points of É using two opposite edges of the quadrilateral and with ½ or ¿ to avoid any crossings. If is contained in É, we match with ½; the segment´ ½µ intersects exactly one edge of É and there are still two opposite edges which can be used to match the four white points. Thus in this subcase, ´Ëµ . Subcase 2b. The four white points form the triangle ¡´¾ µ containing . If ¾ ¡´¾ µ, we match with ½. Otherwise we match with ¿. The segment´ ¿µ intersects exactly one edge from´ µ and´ ¾µ. If´ ¿µ intersects´ µ, we match´¾ µ and´ µ. If´ ¿µ intersects´ ¾µ, we match´¾ µ and´ µ. So also in this subcase, ´Ëµ .
This completes the proof of the lemma. Lemma 2.5 ´½¾µ ½¼. Proof. Since ´½¾µ ½¼, we just show the opposite inequality. Consider a set Ë of ½¾ points. We use notation from Lemma 2.4. As there, we note that points on À´Ëµ must have alternating colors, else we are done ( ´Ëµ ´¾µ · ´½¼µ ¾ · ´ µ · ´ µ ¾ · ½¼), so is even. For even Ë , a segment determined by two points of Ë is a halving segment of Ë, if it leaves an equal number of points on each side of the line determined by . In our case´ Ë ½¾µ, each halving segment must have the two determining points one from each color, else we are done as in the previous argument. The two 7-point sets consisting of the points on one side of the halving line and the two points on the halving line must each have the structure described in Lemma 2.4 (see also Figure 1 ), else we are done ( ´Ëµ ´Ë ¼ µ· ´ µ · ½¼,
We refer to Figure 4 . Consider halving segment of Ë, drawn vertically. If at least one of the angles ´ µ and ´½¼ ½ ¾µ measured in the exterior of the 10-gon ½ ¾ ¿ ½¼ are less than ½ ¼ AE , say the first one, match with and partition the remaining ten points into the two sets ½ ½¼ ½½ and ¾ ¿ ½¾ which can be matched independently. The resulting matching of ½¼ points has no crossings and we are done in this case. In the remaining case, assume both angles ´ µ and ´½¼ ½ ¾µ exceed ½ ¼ AE , thus the resulting configuration has ½¼. We distinguish two cases: Case 1. The two interior points have the same color, say black. We refer to the second configuration in ½¼ . Suppose the remaining two black points, ½½ ½¾ are below this diagonal (otherwise rotate the whole configuration and select another white diagonal of È which satisfies this property). Denote the region of É above this diagonal by Ê ¼ . The region of É below this diagonal is divided into two regions Ê ½ Ê ¾ by the diagonal´¾ ½¼µ. We say that a region is odd if the number of black points inside it is odd and even otherwise. Note that Ê ¼ is even. Before placing the remaining two black points in Ê ½ and/or Ê ¾ exactly one of the two regions Ê ½ Ê ¾ is odd and the other is even. After placing those two points, this property is maintained. So exactly one of the three regions Ê ¼ Ê ½ Ê ¾ is odd, leaving exactly one black unmatched point. We match ¾ with ½¼, and with , and other six black points out of seven in these three regions independently, ten points overall. 6 ). If Ö ¾ or Ö ¿ (Figure 5 ), we can find a monochromatic halving segment´½ µ, a situation ruled out earlier in the proof. If Ö , the halving segment´½½ ½¾µ has on one side (below the line´½½ ½¾µ and including the two points on this line) a 7-point configuration with no interior point, which was ruled out by Lemma 2.4. For Ö , the two possible configurations are shown in Figure 6 . For the first configuration, we match ¾ with ½½, with , and ½¾ with ¿ or ½¾ with , depending on which side of the line´ µ point 12 lies. For the second configuration, we match ½ with ½½, ¾ with ½¾, and ¿ with . So in both cases in Figure 6 , we succeeded to partition Ë by a line into Ë ½ Ë ¾ , with
such that ´Ë ½ µ . Since ´Ë ¾ µ , ´Ëµ ½¼. This completes the proof of the lemma. ¾Ò· points in all. Denote by the random configuration of the black points. Clearly ¾Ò AE ¿Ò and notice that AE could be odd.
We say that a matching has a certain color (white/black) if it matches only points of that particular color. For Õ ½ ¾ , Õ constant, we study the event ´Ëµ AE ÕÒ ´½µ that our random set Ë admits a non-crossing matching with at most ÕÒ unmatched points; in other words, that there exist a white matching Å and a black matching such that at most ÕÒ points are unmatched using Å · (this is a shorthand for Å Ë ), a non-crossing matching of Ë. We will show that the probability of this event is less than 1 for a certain value of Õ. Finally we obtain that Õ ½ ¾ allows ÈÖÓ ´ µ ½.
Given Ñ even, where´½ ÕµÒ Ñ Ò, let Ë Ñ be a subset of Ñ white points of Ë. So Ñ ´½ ÔµÒ for some Ô ¼ Ô Õ. Fix Å , a non-crossing white perfect matching of Ë Ñ . Å partitions the circle into Ñ ¼ Ñ ¾ · ½ convex regions. We say that a region is odd if the number of black points inside it is odd and even otherwise. A region Ê is bounded by elements which could be either arcs of the circle or straight line segments in Å . The segments could be either short cords, joining two adjacent white points of Ë, or long cords otherwise. We denote by ´Êµ Ë ´Êµ Ä ´Êµ these three sets. When the region is bounded only by an arc and a short cord, we call it a singleton region since it contains exactly one black point. We call a side of Å a matched pair of adjacent white points of Ë Ñ (see Figure 7) . Clearly the number of sides is at least 2 and at most
Let Å be the event that there exists a non-crossing black matching such that Å · is non-crossing and leaves at most ÕÒ unmatched points. Let Å be the event that Å has at most ÕÑ odd regions.
Let AE AE Ñ be the set of all (non-crossing) white perfect matchings of Ñ points in convex position (Ñ is even). It is well known that [6] , [9] . Define Ï to be the set of all non-crossing white matchings of Ë (of all possible sizes). Let AE ½ be the set of white matchings Å ¾ Ï such that there exist a black configuration and a black matching such that Å · leaves at most ÕÒ unmatched points. Write AE ½ AE ½ .
Let AE ¾ be the set of white matchings Å ¾ Ï such that the number of unmatched white points is at most ÕÒ and Å has at most ÕÒ sides. Write AE ¾ AE ¾ .
Denote by À´Õµ Õ ÐÓ Õ ´½ Õµ ÐÓ ´½ Õµ the entropy of Õ (here ÐÓ stands for the logarithm in base 2). We make the following claims. 
Claim 3.3 Let
In the last line we used the following known bound on the sum of binomial coefficients (see [2] for a proof, . So the number of non-crossing matchings having at most × ÕÑ sides is bounded from above (using inequality (2)) by
We will use the following corollary of the previous claim. In the above chain of inequalities, the first factor of the summand in the first sum,
, counts the number of ways to select the Ñ white points to be perfectly matched by Å . In the last line we have used again the bound in (2) .
Combining the bounds on AE ¾ and ,
Then Ø ½ is satisfied when ´Õµ ¿À´¾Õµ·¾À´Õµ·Õ ½. It can be verified that Ð Ñ Õ ¼ ´Õµ ¼ and that ´¡µ is an increasing function on the interval´¼ ½ µ; hence we choose Õ as large as possible and still satisfying the above inequality. It can be checked that ´½ ¾ µ ½ and since the total number of points in our set is AE ¿Ò, this implies that at least
of the total number of points are unmatched with positive probability, so there exists a configuration with this property as claimed. The inequality on ´Òµ in the Theorem follows from Proposition 2.1. This completes the proof of theorem 1.1.
Remark.
It may be possible to improve the constant in the upper bound by a more careful calculation.
Three or more colors
We denote by the number of colors. First we discuss the lower bound. We notice that we can always match ¾ ·½ of the points by dividing into groups of · ½ points, matching 2 points of the same color and discarding the others. We obtain a slightly better bound by dividing into groups of ¾ · ½ points: then we either have 4 points of the same color or 2 points of some color Û and 3 points of some color and proceed as in the bicromatic case and match 4 points in the group. Thus ¾ ·½ of the points can be matched in this way.
For the upper bound, place Ò points around a circle and color them with colors ½ ¾ , ½ ¾ , ½ ¾ in clockwise order (assume Ò). Consider the graph on × Ò vertices corresponding to each group of points starting with color 1. Edges of connect two vertices of whenever two points of the respective groups are matched. It can be checked that is a properly defined planar acyclic (simple) graph, thus contains at most × ½ edges. Since each edges matches two points, the number of matched points is at most ¾× ¾ ¾Ò ¾. 
Further questions
We mention a few questions of interest:
Decide if ´½ µ ½¾ and ´½ µ ½ . Any positive answer here would improve the lower bound in Theorem 1.1 and the performance guarantee of our algorithm, for the case of two colors.
Decide if there exists Ò ¼ ¾ AE such that for every even Ò Ò ¼ ´Òµ ´Òµ. If true, clearly Ò ¼ . What is the complexity of computing ´Ëµ and ´Ëµ? If this is hard as we believe (many problems dealing with crossing properties are NP-hard, see e.g. [4] , [3] , [5] , [7] ), approximating ´Ëµ would be another problem to consider.
